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1 Homework 1

1.1 Problem 1.1

If fel®and| 7f— f |l 0asy— 0, then f agrees a.e. with a uniformly continuous function
(ryf (@) = f(z —y)).

Proof. First of all, we consider the average integral

1
AT =B o

By Lebesgue differentiation theorem, we have
F(z)=1lmA, f(z) = f(z), a.e.
r—0

In that case, we only need to show that F'(x) is continuous.
Let F,(z) = A1 f(x), and we are going to show F,,(x) converges to F(z) in L> as n — oo. To
simplify the notations, we denote B, = Bi(x) for fixed x, thus

fy)dy

1 1
I Frip(2) = Fo(2) [loo = esssup fly)dy — fy)dy
|Bn+p| Brnip |Bn| By
1
<esssup |——— f(y)dy — f(x)| + esssup / y)dy — f(x)
IBn+p| Brnip

< esssup — f(z)|dy + esssup

o o, B, 10
<I f(y) = F(@) e + 1| f () = f(@) l22o(52)

<2 || Ty f(2) = f(2) |20 (B2)

=2l 7 f (@) = f(2) I8, )

— 0, n — o0

where p is a positive integer.

Note that this result is independent of the choice x, so {F,(x)} is a uniform Cauchy sequence
whose limit is F(x).

Additionally, we have

|Fo(x +h) — Fu(x)| =

1
h d
EAC |/ T B @] oy o Y

SW T S

<|[ f(z+h) = f2) |
—0, h—0

for n > 0, i.e. F,,(z) is uniformly continuous.
Ve >0,3d(e) >0and N € N, such that

Fol) = F@) <3 |Fa(o) = Fa(e)] < 5

as long as n > N, |z; — z3| < 0. Since ¢ does not rely on the choice of 1, xs, we obtain
|F(21) = F(x2)| < [Fa(a1) — F(ay)| + [Fu(21) — Fu(a2)| + [Fu(z2) — F(2)] < e

which implies the uniform continuity of F(z). O



1.2 Problem 1.2

(a) Prove that for all 0 < e <t < 400, we have

/:sirglgd5 <4

Proof. By the linearity of integral and triangular inequality, we only need to show that

t .
IF(t)| = Suggdg <2, Vt>0
with F(§) = 0, and
sint
) =20
)="=

Therefore, |F'| reaches its maximum at k7. Additionally, in ((k — 1)7, kx), F increases for odd k,
and decreases for even k.
By the uniform convergence of Taylor series, we have

%Sinf 3 £2 T 3 o 3 o 3
F(0)] = d¢| = l— >4+ —]d| < |- —— <T——F — < =
£(0) /0 I3 : /0 ( 6+120> ¢ ’2 144+3840 =7 18+120<2
and
T sin & T giné 2 giné 3
F(n :/ de| < de :/ de| < 2
Fl=| [ gﬁ_g‘ [FE ge| < 2
For k > 2, apparently
/]“r smfdé) k“)” s.infdS Vi
(k—1)m §

and the two terms differ in sign. Therefore,

2k+1

F((2k+1)7r):/ Smfdg Z/ smg

2

k

sin & 2T siné DT gin ¢
= d d d
/; ¢ “;(/@j_m ¢ “/zjw e ®

Tein& 3
</T ¢ d§<§

and

3
[\
o
2
I
w\
Q
I
+
m
w
@\
&
=
as
(oW
I~

Tsiné sin & GI=0m gin ¢ 2T siné
= d d d d
: §+/ﬁ ; £+Z (/( : §+/( : 3

2j—2)m 2j—1)m

Z/,r Suggdg> /g “log2 > —1

Ultimately, we have obtained the conclusion

[F'(t)] < sup|F(km)| <2
keN

INIE]




(b) If fis an odd L' function on the line, conclude that for all ¢ > & > 0 we have

. 2
f€)
CANTANTS
|
Proof. By Fubini theorem,

[ A= [ 2 ([ sras)a
+

- Oof(x) (/t coswaf—gisin%rm{dg) dz

_ [ £(z) ( / " cos 2mag Z”f d§) @il () ( / ' sin 2§M§ dg) dz

It is not hard to see that the definite integral of <=5 2”5

term equals 0 since f is odd.
Let ¢ = 2mx€, according to (a) we obtain

[ A=\ Do ([ ac)ed

[l [

:/mwmmawm

—0o0

<4 f

is an even function of z, thus the former

dx

]

(c) Let g(&) be a continuous odd function that is equal to 1/log(&) for & > 2. Show that there does
not exist an L! function whose Fourier transform is g.

Proof. We assume 3 f € L* such that f = g.
According to (b), g satisfies
. 2
[19
s &

"9(8) ’

IS el =

/2 e ©
t 1 logtl

/2 gloggdf' - ng ch':loglogt—loglog2>loglogt

, there is a contradiction! O

<4l flh, Vi>2

Let ¢ = logé&, however

[0

Allf I

When t > e

2 Homework 2

2.1 Problem 2.1
Compute

in the sense of tempered distribution.



Proof. Fixing a ¢ € S(R), we have

(%pvi) )= (2ovr) @

I 1,/ ]'</%m (z)e ™" d )d§
= lim — — p(x)e T
e—=0t+ T |¢|>e g oo
) +o0o +oo 6—2#1’:{:5
= lim p(z) (/ X{jz|>e} (§) df) dx

e—=0% J_ 0o 7T£

with Fubini theorem. And according to Fresnel integral, we furthermore have

+oo ,—2mixk “+oo 9 —isin?
/_Oo ° e X{jal><3(6) dfz/_oo cos 2zl ngSln Wng{m%}(ﬁ) d¢

+00 Gin 9
_ _@'/_OO %Xﬂwe}(f) d¢

g : 2
= —isgn(x) + 22'/ sin 226
0 ¢

dg

Substituting back, we obtain

N “+oo +o00 e
(%p.vé) (p) = —i/oo o(x)sgn(z) dx—i—?l'el_i>r(x)1+ - o(x) (/0 Sln;;mf df) de
+o00 € o3 400 e .
[ e ([ ae) o] < [Tt | [ 0

< [T [

<elelh
—0,e—=0

Note that

dx

sin 2wxé

s

dé de

Therefore, the later limit is 0, i.e.

(%p.v.l> () = —i _+OO e(x)sgn(z)dz, Vo € S(R)

T 00

That is to say

in the sense of tempered distribution.

2.2 Problem 2.2
If f = xp,ay, show that Hf ¢ L' and Hf ¢ L>.



Proof. We firstly calculate H f. Let z = x — y, then

Hf(x) = lim = / Xon@=y) g - g / Xou(2) o {—oo, v =0
ly|>e |z—z|>e .

e—0t T Yy e—0t r—z

For x # 0,1, when = ¢ (0,1) we have

INVAS| 1 1 1
0

™ r—Zz ™

otherwise x € (0,1), and

1 1
Hf(:c):lim—/ X[L](Z)dz:—log - ’
e0T T Jis pjse 2T s x—1
To sum up,
1 T
H =—1
o) = 1og| 2]
Since
+o0o 1 +o0 1
Hf(x)=— log(14+ —— ) dz
9 T Jq r—1
where

1 1
log ( 1+ ~ , T — 400
z—1 r—1

By comparison discriminant, the integral of H f(x) on [2,4+00) diverges. Therefore, H f ¢ L.
In the end, we claim that Hf ¢ L. Assuming H f € L, there is a null set Z such that

sup log

R\Z r—1

< hoc

Consider a family of positive sets

1 1
fa(1- L1 D)z
n n

Choose z, € E, C R\Z, and note that z,, — 1 as n — oo. Therefore,

lim Hf(z,) = lini Hf(x) =400
T—r

n—oo

a contradiction!
In conclusion, we have proved that f = xpo1 € L' N L% while Hf ¢ L' U L>™.

3 Homework 3

3.1 Problem 3.1
For p € S, Hp € L' if and only if [ ¢ =0.



Proof. By definition

Hop(z) = ! lim plz—y) dy
T e—0* ly|>e Yy
Obviously
/gp(x)dsz(z)gb(O) =0
R
and ] ]
(He) (&) = —(wo x ¢)"(§) = —o(£)P(€) = —isgn(§) @ (&)

where ¢ € S.

—

Without loss of generality, we assume ¢(0) = a > 0 if $(0) # 0. According to the continuity of
¢, for g = § >0, 30 > 0 such that H(§) > g in (—6,6). In that case, when 0 < [£] < J, we have

[(He)" ()] = [2(§)] > €0 > 0 = (Hp)"(0)

The discontinuity of (Hy)" at 0 implies the fact that Ho ¢ L.
—
Since

o(r —y) — p(x)

< max || <|| ¢ [l€ L'[-1,1]

< ’so(x—y)—so(ﬂf)’

X{e<|y|<1}

Yy Yy [z—1,2+1]
we can apply DCT to show that
Hp(z) = lim e —y) dy
e—0t ly|>e Y
~ lim PE=Y) g, 4 2@ =) 4,
0" Jecpycr Y lyl>1
~ lim p(r —y) —px) dy+/ p(r —y) dy
e=0% Jeclyl<1 Yy y>1 Y
x—y)— px xr—
:/ p(r—y) s@()dy+/ a y)dy
lyl<1 Yy ly|>1 Yy
= I(z) + Ir(x)
We are going to estimate the two integrals respectively.
For the former part, we have similarly that
plr—y) — p(x) :
Ii(z) = < max < —
() Y = la—1,2+1] ¥l < (14 |z|)?

for sufficiently large |z| since ¢ € S. Therefore

C
/|Il(x)!dx=/ yh(x)\dx+/ 11 (z)| dz < 2M || ¢/ \|OO+/ <400
R || <M lz|<M |z|>M (1 + ’:CD

which implies that I,(z) € L.
For the latter part, we define



which is a primitive of p(x). If ® € L', we can integrate by parts and deduce

B Y=Y ol B p(z —y)
zz(x)_/y|21 Py = bz +1) - o 1)+/|y21 2y

x_

||12||1s2r|<1>||1+/(/ Pl —y) zy)dy)dx
R \J|y[>1 )

§2||<I>||1+/ (/g)(x—z_y)dx>dy
ly>1 \JR Y

<2 @y 2 ¢ i< +oo

which implies

In this case, I, € L, then Hp € L',
To summarize, we only need to show that ® € L' to complete the proof. For negative x

ol = | [ wwa = | [ aroreo s <lo [ o] < S

e (1+ el
and for positive x
T C
/ ——dt| < —
. (1+1)3 x?

B ()| = \ [ dt‘ - e dt’ .

where C' is a constant only depending on the Schwartz semi-norm of ¢. According to the continuity
of ® at 0, we conclude that ® € L!. O

3.2 Problem 3.2

Check that the Hilbert transform on the line with kernel 71 is a singular integral kernel.

Proof. For K(x) = % and dimension n = 1 we only need to check three properties of singular integral
kernels.
Size Condition: For B; > 1, it is obvious that

|K(2)| < Bilz|™, Vo #0

Smoothness Condition: According to the symmetrization of K (x), we only need to check this
condition for y > 0 that

_2y

lyl eyl
/ |K(x—y)—K(x)|dx:/ —dx+/ ———dx
|z|>2|y| oo 7|7 =yl 2y z]|lz -yl
—2y 1 “+o0o 1
= y/ —dx+y/ —dx
o T(T—Y) o (T —y)

+oo 1 2y 1
:y(/ —dx—/ —d:v)
coo T(T —Y) oy T(7 —y)

ZIHBSBQ

as By > In3.
Cancellation Condition: It is trivial since K (z) is an odd function on R.
In conclusion, for B = 2, the kernel

K :R"\{0} —R

x— !

is a singular integral kernel. ]



3.3 Problem 3.3 (Calderon-Zygmund Decomposition on L?)

Fix a function f € LI(R") for some 1 < ¢ < +00 and let & > 0. Then there exist functions g and b
on R" such that

1. f=9g+0.
2. g lle=ll fllq and [[ g loo< 270

3. b= Zj b; where each b; is supported in a cube ();. Furthermore, the cubes @); and @) have
disjoint interiors when j # k.

4. by [19< 2" H9a9|Qy).
6. >, 1Q;1 <a 9| 2

bl < 2" adlbl< 2% al- a
T olg<2 || fllgand [[b]h< 27 ot~ | f 2.

Proof. For | € Z, we denote D; as the set of binary cubes whose edge length is 2!, i.e.

m,GZ}

Obviously, for Q € D; and O € Dy, we have either Q N Q" = @ or one of them is the subset of
the other.
Since f € L4, we could find a sufficiently large [y, such that

1 Y
(@/an dx) <a VQeD,

Each Q € Dy, is composed of 2" smaller cubes with edge length 2°~!. Among these smaller

cubes, some satisfy
1 / g
o [ airas) >
<|Q'| Q

We put such cubes into a set B, and note that

Dy, = {ﬁ [2'm;, 2" (m; + 1))

i=1

1

(Iéﬂ /Q/‘f(x)‘qd“’)q < (%/Q\f(x)\qu); — 24 (ﬁ/@yf(x)yqu)‘l’ <92%a

Others satisty
1
1 / a
— flz qu) <«
(@1 [, o
which should be decomposed again.

Step by step, we obtain a set B = J ; Q; containing countable binary cubes, and with Lebesgue
differentiation theorem, we have

flz)<a, ae.xz¢ B
Let

o {f@:), Ty
@IQJ- f(x) d$, YIS Qj

10



and

"S- 2 (100 ig7 1) e

They are well-defined since Holder inequality implies

1
’QJ’ Q]

We are going to show they satisfy the given conditions.
Condition 1,3,5 are trivial. Condition 6 holds since V@)’ € B, we have

1 ‘ q
Q| /Q/ |f(@)|[*dz > «
- Tdz > 9@’
JRLCIREECd

Fla)da < Qs || f llg< +oo

— [ If@pdr = o7l

=) Qi <a™ | fIIf
J

Condition 2 holds since

lot= [ a3 [ o |
= x)|? |1 x)dx
/1) +310 | 1@
x)|? x)|dx
[ 1@ +;/Qj|f< )

()| dz =] f I3
R”

dx

The inequality comes from Hoélder inequality.
For z € B¢, we have shown that f(z) < a,a.e.; for x € @Q);, we have

1-1 ! n
<1QiF I £ Nl (Qj/ fa ) <9%a

| g lloo< 29

1

l9(x)] = o

f(x)dz

J

Thus, we have shown that

Condition 4 holds since

1 ! - .
16 IIqZ/Qj (f(:r) ol Q]f() :c) da <2 (/Qj|f(x)| dx+/Qj

where

f(z)dz

q
da:)

1
Q5] Jg,

1)l de < 20ty

11



and
1

/Q 1Qi1 Jo,

Condition 7 holds since

F) | do < (0,1~ / F@)|7dz - Q1% =I| £ 1< 27a%]Q]

J

16 [l=

1 ntq ntq _
jldz < b b D 1Qs17 11b <27 ad Qi < 27w || £
j j j

Here we applied Condition 4 and 6. 0

4 Homework 4

Let M(f) and M (f) be the standard centered and uncentered Hardy-Littlewood maximal functions.

4.1 Problem 4.1

Denote the centered Hardy-Littlewood maximal function M, and the uncentered Hardy-Littlewood
maximal function M, using cubes with sides parallel to the axes instead of balls in R™. Prove that
12 M) 2 12 M)

Upnz Mc(f) T Uy Upnz Mc(f) T Uy
where v,, is the volume of the unit ball in R™. Conclude that M. and M, are weak type (1,1) and

they map LP(R™) to itself for 1 < p < 4o0.

Proof. Without loss of generality, we assume the each edge of the cubes is parallel to some axis.
Otherwise, we can rotate the coordinates at each given point.
We denote Q,.(z) as the cube centered at x with 2r-long edges parallel to axes. Direct computa-

tions show that
1
o =2 [ s
| xo) UnT" J B,.(x0)

on
= 0,|Q(0))] /Qr(xo) F(@)] do

Therefore,

M) =sup s [ |fa)lde < Towp ot [ (@) de = M) (a0)

r>0 Br(%0) J B, (o) Un r>0 |Qr(T0)| Jo, (20) Un
On the other hand, we deduce through trivial geometric relations that
1 1
Xl UCILEE =l NGO,
<o/ W@l
v (0)
VN2

S ()] de
= 2B (o) o oo

12



Therefore,

1 Van® 1 Vpn 2
|f(z)[dz < sup |f(z)]dz =
2" >0 |Br(20)| J B, (a0) 2n

M(f)(xo)

So far, we have shown that
12" 2"
Unp N2 Mc(f) Un
Now, we are going to prove the uncentered case. The size relations between balls and cubes are
invariant in comparison with the centered case, thus

M) = s oo [ 1ldr < s o [ 1flde = M)
and
M) = s o [ (r1as < 5 s o [ ()]s = 5 017

which lead to the conclusion

Next, we focus on boundedness of the operators.

As is known, standard Hardy-Littlewood maximal operators including the centered and uncen-
tered ones are weak type (1,1) and strong type (p,p) for p > 1. Let p > 1 and f € LP, then we
obtain

n n
n:2 2

UpN2 vnn
| Mc(f) p< 22 | M(f) < = || Me [[p=p< —,— | M [lposp< 00
and
Vpan2 vnn Vpn?
| Me(f) [lp< | M(f) [lp< | M lpspll f =11 Me lpp< == | M {lpsp< +00

as M and M are equivalent to each other.
On the other hand, we have

'} e,
mip) > by < 2% s
Unph

m({zM(f) > A}) < m ({

where f € L' and C,, is the weak-L! norm of M. Similarly, we could show M, is also weak (1,1). [

4.2 Problem 4.2

Prove that for any fixed 1 < p < 400, the operator norm of M on LP(R™) tends to infinity as n — oc.

Proof. Abstract an L' N LP function
f(x) = XB10)

It is obvious that
M(f)(z) =1, Vo € By(0)

13



We construct a ball B, centered at 1(|z| — |z|~!) with radius 1(|z| + |z|™'). Note that 9B, goes
through a pair antipodal points of B;(0), thus

1
|Bm N Bl(O)| > 531(0)

With the help of B,, we can give an estimate of Maximal function for |z| > 1,

1 B, N By(0)]
(z) do = 22210
| B:| Jp, | B |

M(f)(x) = > 2" (| + |27

Direct computation yields

M= |

B1(0)

f@Pdc+ [ |f@Pde

B (0)c

> |Bi(0)| + / 202 (|2 + |2 ) da
Rn
n—1

too
B B onp—p -
i)+ B0z [

We have obtain an estimate of (p, p) norm of M for fixed p, which is

| MFl, 9B /+°° ) /+°°
M, > e g OO gy [T g om0
1M = 7 e o2 ) Thw A e

Therefore, we only need to show that

+o0 Tn—l
1 L

n—00 —+ r)np
for given p.

It is easy to verify that VN > 1, 3ry > 1, such that

1
T0+—:NTO
To

and )
r+—-<Nr, Vr >rg
T

then we have

+oo rn—l “+oo ?,,n—l
2”p_pn/ — > 2MPTPp
1

r 4 l)np - 1 Nnpynp

np—p +oo
> 2 " / —1 dr

— Nnp franpfnJrl
PP 1
Nw(p— 1) g
I S
—2(p — 1) (Nrp)

- 2p<p1— 1) (<12v>>

— +00, N — X

14



as long as
2Pr 1 1
——— > 1<=2rj > Nrg= —
(Nro)P K =T o

We will reach the final conclusion by explaining the existence of such an ry. Abstract

1 1
flty=2tr —t -~

and we note that 5
f()=0 f/(1)=13>0
Therefore, there is a small 0 and ry € (1,1 + J) such that f(ry) > 0. The proof is finished.

5 Homework 5

5.1 Problem 5.1
Find an example showing that the product of two BM O functions may not be in BMO.

Proof. We have proved that f(x) = log|z| is a BMO function. Problem 5.3, however, shows the
fact that (f(z))? = |log|z||? is not in BMO. Thus, we only need to prove Problem 5.3 below. [

5.2 Problem 5.2

Prove that
1A <2 f e

whenever 0 < o < 1.

Proof. Since o > 0, we have the inequality

« «

X1 X2

ZL’1—|—JI2

S 1 — |l’1 —l—:c2|a S ’.131|a + ’132|a — ’131|a — ‘LEQ’Q S ’131 — X9 @

/Q\IfI“—IfQI“I S/Qlf—lea

Let p = é > 1. According to Hoélder’s inequality, we have for any given cube () that

ﬁ/@\|f|‘“—|faz|“|=ﬁ/@\f—fcz!a§ﬁ(/dm) (/Qu—fQ)P)l <|Q|/(f f@))a

Additionally, we apply triangle inequality
1
A% = (LF1)a| < (IF1% = Lfol*| + [Ifol® = (Lf1M)e] < |IFI* = [fal*] + —/ |f = (If1%)e
Q1 Jo

ZL’1+JI2

Therefore, we obtain

=

Therefore,
151 s [ (512 = 171) <2500 [ 117 = 5ol < 200 (o7 [ (£ =) <2071
[

15



5.3 Problem 5.3

Prove that |log |x|? is not in BMO(R) when 1 < p < 4o0.

Proof. 1f f(x) = |log|z||P € BMO(R) for p > 1, John-Nirenberg inequality implies
Q 1QJg

That is to say
C
el O-fel ¢ [ (R)

However, in a small neighborhood of 0, say (-9, ), we have

Cy
If 1l

as long as ¢ is sufficiently small. Therefore, for this fixed 9§, we have

¢/ In |z[[P~*
edf@—=fol > g=cfqpelnlz|P — Co (ﬁ) > Co (l) = %
el - Q

|In |z|[P~! > 2

which is not L! near 0. In other words, we have

6
Supi/eﬁﬁ*lf(m)—fcgl > i/ TR @=fol _ o
e 1@l Jq 26 J 5

A contradiction! O

6 Homework 6

6.1 Problem 6.1

Counstruct a Schwartz function ¥ that satisfies

> |eeTe)

=

2
=1

for all £ € R™\{0} and whose Fourier transform is supported in the annulus g < [€] €2 and is equal
to 1 on the annulus 1 < [¢] < £,

Proof. We firstly construct a radial C'2° function 1 such that

)
IN
<
IA

—_

19 39]

wl[zg 1oy = 1 suppy C [%, 2—0

30710
Obviously, 1/32 also satisfies the conditions above.

Note that

thus for £ € [1, 2]

16



Moreover,

b =i,

2

JEZ

13
i)

for @Ej (&) = 1&(2‘3' €). The left sum is well-defined since each & only located in finitely many supports

of {5},
It is easy to verify the fact that

N A 19 . 39 19 39 . 38 . 39 .
supp¢jﬂ3upp¢j+l — |:202J %2]} {202]-&-1 %2J+1:| — {%237%23] 7& o

and V¢ € R"\{0}, 37, such that £ € supp1p. Therefore,

2

JEZ

90| >0, veeRM(0)

Now, we can construct

D=

(o) = (z

JEZ

z&j(£>\2> J(e) es

that satisfies all requirements in the problem. Therefore, we can let

U(E) = (Z

jez

\

2)%(5) - (Z

jEZ.

~

¥;(€)

~

¥;(€)

2) ci(z) €S

6.2 Problem 6.2

Suppose that ¢(§) is a smooth function on R™ that vanishes in a neighborhood of the origin and
is equal to 1 in a neighborhood of infinity. Prove that the function e=% |£‘_190(£) is in .#,(R™) for
1 <p<4o0.

Proof. According to Mikhlin theorem, we only need to show
’D”’ (elfj‘fl_lgp(é'))‘ < B|§|—|“f|7 VE£D
for multi-index v such that |y| < n + 2.

In fact
o (¢4 t6)] = o ()1t

Here oo < v means each component of « is less than or equal to the corresponding component of ~.
Note that 1 — ¢ is a standard bump function, as is known

|D7 o ‘ < ’f“”f a|, —al>1
On the other hand, for k£ # j
2
O jieilel _ it ( 1§ )
9 ENGE
O igglel _ _ieslel S8k
Ok €1
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thus

|Da( z&glﬁ\)| |a|—1

|§|

Moreover, we can prove by induction that
‘DO‘ (eifj\él)‘ < %’ a <~

Since o and v only take finitely many values, there is a global constant C' depending only on n

and ¢, such that
D 1 1 C
D7 (e ()| < 0 X -
( ) ol 4 Rl IS L 13

which implies

() € M (RY)

7 Homework 7

7.1 Problem 7.1

(Muscalu, Schlag, Classical and Multilinear Harmonic Analysis, Vol.1, Section 8.2, Corollary 8.4 (i),
P202-203) In their proof of Corollary 8.4 (i), they write

S(fe — @) < lm (fi — f)(2)

m—r00

Please provide a proof of this inequality.

Proof. In their proof, it is supposed that f,, — f in LP, where f, € S, f € L?. Therefore, we have

S(fr — (Z |Pi(fx — )
JEZ
Since 3 §
I Bif =11 o5 % f <[l &5 1]l S [lp< +o00

we confirm that P;f is well-defined.
Additionally, we note that

|Pif = Pifl = 95 % (fn = D S5 lll fn = f llp= 0, m = 0
which implies

lim P;f, =P;f

m—r0o0

Therefore, we have with Fatou’s lemma that

S(fx— f <Z|P fo—f )

JEZ

- (Zg;oll%(fk - fm>|2>

JEL
< lim (Z\Pj(fk—f)\?)
m—ro0 jEZ

m—o0

[NIES

N

=
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7.2 Problem 7.2(Khinchins inequality)

In its proof, one can first prove the following version with real coefficients a,,,

N p % N %
n=1 n=1

E AnWn

for 1 < p < +00. Assuming the above inequality, one can then extend it to a version with complex
coefficients a,,. Please explain how to extend it to complex coefficients.

Proof. Let z, = x, + iy, be a complex number, where z,, and y,, are real.

As is proved, we have
P\ » N
2
n=1

N 3 N
n=1 n=1
N % N p % N %
. (zw) §E< ) <o (ZW)
n=1 n=1 n=1

For {z,}, we apply Minkovski inequality

NI
[N

nWn

LA

N N N P\ »
E ( Zznwn > =E ( anwn + 1YpWn )
n=1 n=1
N

Z TpWn| +

N p %
< (4 ) o)
Q n=1 n=1
N p % N
< Tpwn| dP | +
< Q ; > ( Q n=1

N 3 N 3
e (z w) o (z \ym)
n=1 n=1

N 3
<2, (z w)

Vil g

5 2ozl + Iy )

n=1

1
o (& 3
> |2 !zn!2>
n=1

anL

PN
dp)

and

> Ynton

dp>

\Y
|

\Y
|
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In this proof, we utilized the relation

max{ |z, [ynl} < [2n] < |2n] + |yn]

8 Homework 8

8.1 Problem 8.1

Fix a nonzero Schwartz function A on the line whose Fourier transform is supported in the interval

[—%, 3] For {a;}, a sequence of numbers, set

o9
J
§ a] 627”2 xh

7j=1

Prove that for all 1 < p < +o0 there exists a constant C,, such that

I f llr< G (Z Ian!2> 172 {| e

n=1

Proof. Abstract ¢ € C'>° such that
plizog=1  @lps=0 0<p<l1
Similar to Littlewood-Paley square function, we define 7} such that
T;f = (%‘f)v =g f
where ¢;(z) = ¢p(2772), and T} is bounded since
1T <[l @5 Il £ llo=C 11 £ s

according to Young’s inequality.
Next, we claim an estimate

_ Z T ((Ije2ﬂ-i2jzh<$))
j=1
Actually, the translation property of Fourier transform shows that

(s h(x) )" = ashi€ ~ 2) = agpsh(e ~ 2) = (T; (a2 () )

= (iT] <aj62”2jxh(a:))>

The smoothness of ¢; implies the smoothness of f, thus the claim is proved after an inverse
transform.
Littlewood-Paley theorem shows that

SO

1

e’} . 9 2 o] %
(ZTj a;e™ % h(a)| ) =G, (ZW) I 21l
- =1

Jj=1
p P

£ = ||D2 T (g™ ha))

]
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8.2 Problem 8.2

(The Homework on P.27 Chapter 4, Wolff) Using translation and multiplication by characters, con-
struct a sequence of Schwartz functions {p,} so that

1. Each ¢,, has the same LP norm.
2. Each (, has the same L” norm.
3. The supports of the ¢,, are disjoint.

4. The supports of the {p,} are “essentially disjoint” meaning that

N
D¢
n=1

p N
~> llenlt=N
D n=1

uniformly in V.

Proof. Let ¢ € § satisfies A
supp C B1(0)

We will consider its translations.
Abstract

V(&) = (€ + 3ke,) € S

which is supported in By (3ke,). Therefore, the supports of {zﬁk} are disjoint.
Obviously, the L? norm of v, does not rely on k. Additionally,

Yi(r) = e (2) = i (@)] = [P (@) =] v =11 Il

So far, condition 1,2,3 have been satisfied.
Similarly, an additional translation

or(r) = Y(x + hy)

does not violate condition 1 and 2. Therefore, we only need to select appropriate {h;} such that
condition 3 and 4 hold.
It is trivial that

N
dolleell~ N
k=1

since ¢ € S.
When N =1, h; = 0 is suitable.
When N = 2,

|| 1 —+ ©V2 ||£: / |e—6m'zn¢(x) + 6—127ria:n¢(x . h2)|p dr
Rn

Since ¢y, € S, they “almost vanish” outside a small compact set. we can find a sufficiently large |hs|,
such that

For+ w2 (=l oo I + 1 wa |7

and
supp $1 N supp P = &

For larger N, we can select h, one by one to satisfy condition 3 and 4, and this process is
well-defined since N is a finite number. O
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9 Homework 9

9.1 Problem 9.1

Suppose that ¢ is a real C*° phase function satisfying the non-degeneracy condition

0
det <8xj3yk) #0

on the support of a(z,y) € C§°(R™ x R™). Then for A > 0,

Proof. Abstract linear operator

<CXN 2| f |z

L2(R™)

[ e aay) o) dy

T: L*(R") — L*(R")

flx) — 5 e a(z,y) fy) dy

We are going to focus on its L? boundedness.
In order to obtain the operator norm of 7', we need to compute its adjoint operator T*. By Fubini
theorem

Thae= [ 7@ ([ ate sy ) da

- [ 1) ([ ereenatigte) ac) ay

= (fa T*g>L2

where

T fa) = [ MOl ) dy
We only need to show that
IS =TT [|=I T |IP< CA™"

where S =TT*
Direct computation shows

Sf(zx) = / M@z, t) (/ e~ (s, 1) f(s) ds) dt
=[] et als B () ds
R™ xR™

:/ (/ M@ =e(D) (1 t)a(s, t) dt) f(s)ds

= K(z,s)f(s)ds

R

where K is a smooth function.
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For a pending vector v, we consider the directional derivative of ¢ in v, that is

o (ol = 5,00 = 3 (5 elet) - gels) )

=1

n n 82()0
- ( Srop, (i~ 8) + Oz — s|2)> Vi
j=1 7

=1

= (v — 8)Dlo(x,t)v"

H
N 82—“0({E t) ¢ (x,t) --- e (z,1)
82t% ’ 8t128t2 ’ 675128tn ’
00 ¢ . Oe
D?p(x,t) = 8'525%1‘(:1,;’” at2 ('x,t) 8t28tn. z,t)
62 ' 82 ) 82 :
Lat) e (et o T

is a Hessian matrix.

Let

T _ 1 2 -1 T
v = |£E—t| (Dtép(%t)) (ZL‘—t)

and we have

% (p(,1) — @(s,t) = |z — 5| + O(|z — s[)

Since a is compactly supported, there is a uniform constant C, such that

0

3, (P(@.0) = e(5,0) = Cla =

on its support.
Now we define a differential operator

D:f— (%@) (Ma% (pla. ) - 90(5””) _1

D (eMeed—es)) — giNplat)—p(s)

which satisfies

Moreover, we denote
f(t)
Mg (p(x, 1) — o(s,1))

[)T:f%—f)(

Now Ve > 0, we have
K (2,5)] < C(e), o —s| < =

and

C(e)

ANz — 5|V’

|K(ZL’, S)| =

[ e (D7) i )il 1) dt\ < =] > e

resulted from integrating by parts N times.
For sufficiently small ¢ such that

1
£ < Edz'am(supp a)

we have

Cn
(14 Az —s|)N

[K (2, 5)] <
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To sum up, we obtain the estimate by selecting N > n

dx oo =l gy
Sl<C —_— = — < CO)\T"
Is=< /Rn (1+ Az|)™ /0 (1+ M)V —

9.2 Problem 9.2
Prove the identity

1

+oo . k k +
/ e e b dr = cpg(1 — M)~ * (2)
0
for any integers £ > 2 and [ > 0, where ¢ ; is constant.

Proof. Let t = (1 —i\)* be an constant, then the identity is converted into
+o00
/ A Ck’lt—(lﬂ)
0

thus we only need to show

+o00 "k
/ e—t T tH_ll'l dr
0

is independent of A.
We change variable by y = tx, then

oo k .k oo k
/ e Tl dr = / eV yldy = Ch.l
0 0

The identity above is established by Cauchy integration theorem since the integrand is a Schwartz
function whose integral vanished at infinity. O

9.3 Problem 9.3
Suppose that ¢ : R — R satisfies that

1/

p(xg) = ¢'(z9) = ¢"(20) =0

while ¢ (xg) # 0. If ¥ is supported in a sufficiently small neighborhood of ¢, prove that

N
/ e (z) do = A3 Z aJ-)f% +o ()\’%>
R sy

for all A > 1 and nonnegative integer N.

Proof. We first consider p(x) = x? for 2y = 0,

() = / N () dir = / o195 () do

R

Abstract the Taylor expansion

e 1h(z) = Zajxj + 2N Ry ()



Plugging it into the integral, we obtain

N
I()\) :Z/G(M—l)mng d$+/6(i>\_1)x3IN+1RN(ZE) dr
mo /R R
where

/ A1 07 dg = (1 — M)’% / eyl da
R R

On the other hand,

/ AV NI R (2) dg = / A1 N+ R (1) (g) dm+/
R R

s eADZ NI R (1) (1 —« <£)> dx

€

here a(x) is a cut off function supported in [—2,2] and reaches value 1 in [—1,1].
Therefore, the former term

|| =

/e(i/\—l)xSxNHRN(x)a (f) de
R €
2 R T
= ‘/ A" N R () (E) dz
—2e

2
< / |$|N+1 ‘G(M_I)JCSRN(JQ‘ da
—2e

S O€N+2

and the latter term

I = /Re(i’\l)ﬁxNHRN(x) (1 -« (g)) dx
1 <xN+le—w3RN(x>(1—a(§))> o
3

T2

A

—00

B / e <$N+le—w3RN(x)(1 - a(g)))’dx
R 3x?

s (2N Ry(2) (1 — (2) )
= —/Re ( 5.2 ) dx

Now, we define a differential operator

_ 1 df
 3i\x2dx

o1 d(f
fo—aa(g—x)

25
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then

/ DM NHe””gRN(:L') (1 -« (g))) da
- /R ¢ i ( e By (w) (1-a (£))) ar

Similar to previous estimates of oscillation integrals, we have
x
|I5] < / ’Dy (J;N+16_m3RN(1‘) (1 — (—))) ‘ dz < C’/ /\—M|x|N+1—3M dr < ON~MN+2-3M

where C only relies on M, N, .

To summarize, we conclude that

/e(ikl)xstHRN(x) dr| < e
R

— _ _N+2
N+2+)\M€N+2 3M:)\ 3

since we can let € = \73.

For general ¢, we take Taylor expansion

g0/// (IO)
6

901// («IO)
6

o(x) = (x—x0)3+0(|x—x0|4) = (7 — 20)*(1 + &(z))

where
<l+4e(z) <

N —
N W

for sufficiently small |x — x|
Let

1
y = (z—m)(1+¢(x))3
The function mapping x to y is a diffeomorphism when x locates in a small neighborhood of z(, thus

1"

10 = [ i@y = [ ) |

—1d
dyy

Applying previous conclusion to ¢, we obtain the final result

10 Homework 10

10.1 Problem 10.1

It
I (f do)™ Nl @y 30 llpwren

holds for all f € L7 (S"!), then
n—1

n+1p

/

q=<
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Proof. We consider Knapp’s example
Cs=8S""1n B s35(en)

and fs = Xx¢;- /
Obviously, we have fs € L7 (S"!), so

Q\‘ -

1 G540)" oy = € 1 s o= ( [ xeudo)” = (ata? < €67

Sn—

Abstract rectangle
n—1
R= (H [—0_15_1,0_15_1}> X [—c'67% 71077
j=1
for sufficiently large ¢, and we have
1
(fsdo)"| > o(Cy) = C5™!

thus

n+1

/ _ 1 n—1—24
1 G500)" o= ( [ 10600 1) = Comtimp = 0o
Rn
To conclude, we have established an inequality
I < 08T = gV T <o
which is correct for small §. As a result, we have
n+1 n-1 n—1,
P qg — “n+1

n—1-—

10.2 Problem 10.2

Suppose that S is a bounded subset of a hyperplane in R™. Prove that if || s 1)< C | f v rmy
for all f € S, then necessarily p = 1. In other words, there cannot be a nontrivial restriction theorem
for at (affine) surfaces.

Proof. With out loss of generality, we assume S C {z, = 0}.
If a restriction theorem holds for some p, for an arbitrary t f € S(R™), we have

| fls vy Cl f [|ze@n

Let f(x) = f(2/,x,), and we consider fy(z',x,) = fa(2', Axy,). fi is still a Schwartz function, so
the inequality holds. Direct computation shows

. 1 . A 1.
) = Xf (5’; g) = || fals llz1s)= X | fls [lz1s)

and

% 1 P 1
1 = ([ 10@0P) = (5 [ 1#0P) = =15 e

For VA > 0, we have

1 N C 1 N 1—1
3 s s < o I llzr@ny== 51 fls i< CX77 || f ey
That is to say, the inequality presented in restriction theorem does not always hold if p # 1. In fact,
we can give a counterexample by selecting appropriate A > 0. In conclusion, nontrivial restriction

theorem for affine surfaces is incorrect.

]
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11 Homework 11

11.1 Problem 11.1

Prove the following result:

Suppose 7 is a parallelogram in the (z, %) plane so that two of its sides lie on the lines y = 0 and
y = 1, respectively. Then given any € > 0, we can find parallelograms m,--- ,m,, each having two
sides lying on the lines y = 0 and y = 1, with m; C 7, and

N
U
i=1

and so that any line segment in 7 that joins the lines y = 0 and y = 1 has a translate that is contained
in one of the ;.

<e€

Proof. As we constructed in the class, a triangle T" can be cut off along its median. Then we can
translate a part along the bottom base to obtain a new shape such that

|@n| = T |0 = 2(1 — a*)|T]

for some « € (3,1).

We could develop such process through dividing the original triangle into 2" parts, every one
of which has bottom base in identical length. Overlapping them in pairs, we obtain 2"~! shapes
mentioned above. Repeating such process n times, we obtain a final shape whose area satisfies

2n

1—
Area < (4"+2(1—a2)1 a2>]T|
—a

Therefore, the area tend to 0 as a« — 1.

Back to our problem, we can view the parallelogram 7 as the combination of 2 triangles 7} and
Ty. In this case, Ve > 0, 3N sufficiently large, such that 7} could be separated to 2V components
and these parts are identical in area. We can translate the components to construct a new shape S;
such that |51 < 5.

Since 77 nd T, are congruent, we could apply identical process to Ty to obtain S, which is
congruent to S;. Therefore, we are able to translate S5 globally to align each component with its
counterpart in S;, and thus obtain 2V parallelograms 7, - - - , mo~ such that m; C 7.

As is proved in the class, these small parallelograms satisfy all properties in this problem.
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