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Exercise 7.1.2

(1)
Proof. As a union of open sets, N is obviously open. Therefore, the inner regularity
of u implies

w(N) =sup{u(K) | K C N, K compact}.

Note that K is covered by finitely many open null sets, thus p(K) = 0 for every
compact K C N. Consequently, we obtain p(N) = 0. ]

(2)

Proof. <—:
If © ¢ supp p, then z € N. Since {x} itself is compact, there is a f € C.(X)
such that

0<p<, w(w)zl,suppsocNé/wduzfwduzo-
N

—
Suppose x € supp 1 and f € C.(X) in possession of the properties required
c 3c

in the problem. Let f(z) = ¢ > 0, then its continuity implies Uy = f~'(§, %) is
open. Since z € Uy, we have u(Uy) > 0, thus

C
/fduz fdu =z Spu(lo) 2 0.
Uo



Exercise 7.2.7

Proof. As is known, u4 is a Borel measure. For a compact K, we have
pe(K) = p(ENK) < p(K) < +oo.

Since p is o Finite, there is a partition

j=1

such that p(E;) < +oo, and p is regular. As a result, we have
p(E) =inf{u(U) | U open, E C U} = sup{u(K) | K compact, K C E}

for any Borel set F.
Therefore, g is outer regular since
pa(E)=w(ENA)=inf{u(U) |U open, ENA C U}
=inf{u(UNA)|U open, ENACUNA}
=inf{us(U) | U open, E C U}.

The inner regularity is similar. O

Exercise 7.2.8

Proof. 1t is obvious that v is a Borel measure, and v < p.
Fix a Borel set £ C X and € > 0, the absolute continuity implies the existence
of & > 0, such that

p(U\E) <d = v(U\E) <e.

According to the outer regularity of pu, there exists an open U C X including
E such that u(U\E) < 6, which results in the outer regularity of v. The inner
regularity for open sets is similar. ]



Exercise 7.2.9
(1)

Proof. For an open set U, we have
V'(U) = Sup{/fsodu'w € Co(X),0< f<1supp f € U}

=Sup{/iﬂdu‘iﬂGCC(X),OSwa,supprU}

sup{/ljwdu’weCc(X),()S?ﬁS@}

=/¢du
U

=v(U).

(2)

Proof. Since ¢ is continuous, the sets
Vi=¢ (212" ke Z

are open. Moreover, ¢ is positive, thus

+o0
X = U V.

k=—o0

Let E be a Borel set and define £, = E N Vj. Note that ¢ is bounded in V,
thus v is absolutely continuous in respect to u. Fix & > 0, there exists d; > 0 such
that

€

The outer regularity of p implies the existence of an open Uy including Ej such
that [L(Uk\Ek) < 5k
Consider the open set

+oo +0o0
v=J u> |J EiDE,

k=—o00 k=—00



we obtain

WN\E) < Y vUNE) < Y oo =4,

k=—o0 k=—o00

namely the outer regularity of v.
(3)
Proof. Utilize (1) and (2), we obtain
v(E)=inf{v(U) | E C U, U open} = inf{/(U) | E C U,U open} = V/(E)

for every Borel set E.



