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Exercise 6.1.7

Proof. By interpolation inequality,

I£llg < UFIZNflls < +o0 = f € L%
As an immediate corollary, we have
lim <
T 11l < 1 e
On the other hand, consider the level set
Av=Alfl = A}
for 0 < A < ||f]|oc. Therefore,

N(Ey) = /E Ndp< [ 1frdu < |7
A

Ey

For fixed A,

1£lly = A(u(En)s = Lim || f]l, > A

q—o0

Let A tend to || f]|co, and

lim [ fllg > [ flloo > Tim [| fl4-
q—00 q—00

As a result,

T [ £lly = [



Exercise 6.1.9

Proof. Fix a € > 0, we have

1
M{|fn‘f|25}:—p el du
{lfn—fIP>eP}
1
=— |fu — fIPdu
{lfn—fIP>eP}

< —/ fu— fIPdp

— 0, n — 0.

Conversely, assume {f,}>2, does not converge to f in LP, then there is a
subsequence {g,}7>; C {fn}22, such that 3¢ > 0,

lgn = fllp = €, Yn.

Since g, — f in measure, there is a subsequence {h,}?>, C {g,}32, that
converges to f almost everywhere. Dominant convergence theorem implies h,, — f
in LP a contradiction. [

Exercise 6.1.10

Proof. =>:
The triangle inequality implies
W fulls = 11f 1ol < (1 fo = fllp = 0, 7 — oo
—:
As for the inverse proposition, we shall verify a primary inequality first
la £ 0" < 277" (|af” + [o[7), V.p > 1.
In fact, it is equivalent with
axbl’
2

a consequence of the convexity of function f(z) = |z|P for p > 1.
Back to the point, construct

gn =271 (£l + | £1P)

that converges to g = |2f|P € L' almost everywhere. Since |f, — f|? < g,, the
dominant convergence theorem implies

lim / o= P = / lim [fo— fP = 0= lim [full, = |1
n—o00 n—o00 n—00

1 1
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Exercise 6.1.15

Proof. =—:

The completeness of LP space implies {f,}>2; converges to some f € LP, and
the first two conclusions are immediate due to our previous homework.

As for the third, consider an increasing sequence of sets

m

for fixed n. Obviously, u(E,,) is finite since f,, € LP. Additionally, note that

J Sy

[e. 9]

E=|J Eu={Ifl 2 0}.

where

Due to the fact that | f,xge | < f, € LP, we can apply the dominant convergence
theorem,

1 1 1
i [ ollesy = tin ([ 16)" = (i [16Pv) = ([ 151)" <o
m—o0 m—oo Ee, m—00 Eec
As a result, Ve > 0, 3m > 0, such that
“anIip(Ec) <é= |fn|p<5a
m EC

while u(E¢,) < +o0.

=

Let {f.}22, be a sequence of L? functions in possession of the three properties.
For a fixed Ve > 0, consider the sets

Amn:Eﬂ{lfm_fn|2 15” }
35

Here FE is of finite measure and

< )



Provided with such conditions, we have

o e euE\Aw) _ ¢
/E\Amn\fm fal S/E\Amn 3(E) 30(E) <3

Since { f,}2, is Cauchy in measure, we assume p(A4,,,) < 0 is small in measure
for sufficiently large m,n. As a result,

/ \nfanngW{/ Lmv+zw{/ P <
mmn mmn Amn

The last inequality is correct for sufficiently small ¢ as a consequence of the uniform
integrability of {f,}> ;.
Combine the inequalities above, we ultimately obtain

Wl ™

Hm-nhs(ymfmﬂ+Ame—n+5AJm—nQSa



