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Exercise 3.1.3

(1)
Proof. If f € L*(|v]), then

Jinia < [iniar+ [in1am = [if1ap <o
[ 11 </mdu + [irlar = [1s1dls] < +oc.

If fe L'(v)=L'(v")N L' (v™), then

[ 151w = /|f|dv + [0 < 400

(2)
Proof.

oo

:'/fdﬁ—/fdy—
g’/fdw +'/fdu‘
< [intar+ [ 1510
~ [1A1ap




(3)
Proof. On the one hand,

s {| [ vl <1} <o {| [11ap]s101 <1} < i)
E E
On the other hand, the supermum is achieved by
1, re ENP,
€Tr) =
/() {—1, re FENN,
where P and N are respectively the positive and negative set of v. ]

Exercise 3.2.9
Proof. It v; L p for any j, then

wE)#0=v;(E)=0, Vj = Zuj(E) =0,

vi(E) >0, Vj= p(E)=0.

Therefore, y1 is singular with respect to the summation of v;.
If v; < p for any j, then

wE)=0=v;(E)=0, Vj = il/j(E) = 0.

Jj=1

Therefore, the summation of v; is absolutely continuous with respect to p. ]

Exercise 3.2.11

(1)
Proof. Let {fr}7_; be a finite subset of L'(u). By the definition, Ve > 0, 34; > 0

for 1 < j < n, such that
/fj d,u' <€
E

as pu(E) < 0;. Therefore, we can choose 0 = min{dy, --- ,0,}, which satisfies

/fjdu‘<5,V1§j§n.
E



(2)
Proof. By definition, Ve > 0, 3 N > 0, such that

’/(fn—f)du'<g, Vn > N.

As is proved above, 3 > 0 such that

[ran <5 | an<evisisw
E 2 E
as w(E) < 9.
To sum up, we have for j < N that
E

and for j > N that

[Efjdu‘ﬁ /Efj—fdu‘Jr /Efdu'é'/fj—fdu'Jr [Efdu‘<e.

Note that ¢ is independent of j, which implies that { f; 521 1s uniformly integrable.
[

Exercise 3.2.17
Proof. Consider a new measure p such that dp = fdu. For £ € N, we have

V(E)=0= pu(E)=0= p(F) =0.

which implies p < v.
Let g = % be the Radon-Nikodym derivative which is unique, and it is easy

to check that
/ fdu= / gdv.
E E



