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Folland. Real Analysis

Exercise 1.2.1

(1)
Proof. Let R be a ring including E1, Fs,--- , E,, then
E\NE,=E)\(E\Ey) € R.
Through induction, it is easy to check the intersection of this n sets belongs to R.

If R is a o-ring including { E} }32 ;, we consider

E—GEkER,
k=1

then

ﬁEk:E\ (E\ﬁEk> = E\ (Eﬂ (ﬁEk) )
(50 (05)) - (D) - Qi) e

O
(2)
Proof. Let R be a ring. It is easy to check
R is an algebra =V FEF e R, E°e R=—= X =FUFE € R,
and conversely,
XeER=VEeR,E‘ceR= E°=X\F €R = R is aring.
This argument is still correct for o-rings. [
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(3)

Proof. Let
Y={ECX:EecRor E°e R}.

It is obvious that Y is closed under complement since (E¢)¢ = E.
For {E,}°, C Y, we consider

A= |J EreR, B= () EieR,

k>1 k>1
ELeR EfeER

then

GEk: U E|u| U B | =4uB°=(A°nB)° = (B\A)".

k>1 k>1
EpeR EfER
Therefore,
B\AeR = | JEr €Y
k=1
(4)
Proof. Let

Z={ECX:ENFeRforal F e R},
and F € Z, F € R be arbitrary, then

E‘NF=F\E=F\(ENF)eR = E°€ Z.

Moreover, for {E;}2°, C Y and arbitrary F' € R, we have

(li] l;k) NF = (j](l;kfw.Fv €ER = [leEk € Z.

k=1 k=1 k=1



Exercise 1.3.6

Proof. First, we are going to show that M is a o-algebra. For E € M,F C N €
N, we assume that £ NN = &. Otherwise, we can substitute F, N respectively
with F\E, N\E. Thus,

(EUF) = (EUN)\(N\F))° = (EUN)°U(N°UF) € M,

since (EUN)°U N°® e M.
For such a sequence of sets { Ex}72 1, { Fr}72 1, {Vk }32,, we have

(7)) (92) (7)o

k=1 k=1 k=1

Next, we need to show [ is a complete measure. Obviously,

Additionally, for disjoint {E) U Fi}%2,,

(U)o ((95) (U7

= p <U Ek) => wEy) =) u(BEpUF).

k=1 k=1

Therefore, ji is a measure. Its definition implies completeness since for F' C N €
N, we have
A(F) =p(@UF) = p@) =0

Finally, the uniqueness is left to be proved. Suppose there is another complete
measure i’ extending p, we have

H(EUF)

7(EUF)

p(EUN) =i (E)

<
> {(EU2) = i{(E)

}:>ﬂ/:ﬂ, VEc M, FCNEecN.



Exercise 1.3.8

Proof. By definition,

o (mine) = (U 21) = (15

k=1j=k

k—o0 k—o0 j>k Jj—o0

= lim p (ﬂ Ej> < lim inf p(E;) = liminf u(E;).
j=k
We can similarly proof the other inequality. ]

Exercise 1.3.10

Proof. Obviously,
(@) = p(@ N E) = p(@) = 0.
Let {Ax}2, C M be a sequence of disjoint sets, then { Ay NE}2, are disjoint.

Thus,
05 <|_| Ak) = <<|_| Ak) ﬂE) = <|_|<Ak ﬂE))
k=1 k=1 k=1
=Y AN E) = un(Ay).
k=1 k=1
Therefore, ug is a measure. ]



