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Folland. Real Analysis
Exercise 6.3.27
Proof. Set a (−1)-homogeneous function K(x, y) = 1

x+y
. Comparison Discrimina-

tion implies ∫ +∞

0

|K(1, y)|y−
1
p dy =

∫ +∞

0

y−
1
p

1 + y
dy = Cp < +∞.

Hence T is strong type (p, p) and

∥Tf∥p ≤ Cp∥f∥p.

Moreover, Euler’s reflection formula implies

Cp = π csc
π

p
.

Exercise 6.3.29
Proof. Set a (−1)-homogeneous function K(x, y) = xβ−1y−βχ(0,+∞)(y − x) with,
which satisfies∫ +∞

0

|K(1, y)|y−
1
p dy =

∫ +∞

1

xβ−1− 1
p =

1

1− βp
< +∞, β <

1

p
.

For f(x) = xγh(x), we have

∥Tf∥p ≤
1

1− βp
∥f∥p, T f(x) =

∫ +∞

0

K(x, y)f(y) dy.
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By Theorem 6.20, we have∫ +∞

0

(∫ +∞

0

xβ−1yγ−βh(y)χ(0,+∞)(y − x) dy
)p

dx ≤ 1

(1− βp)p

∫ +∞

0

xγp(h(x))p dx,

which implies∫ +∞

0

xp(β−1)

(∫ +∞

x

yγ−βh(y) dy
)p

dx ≤ 1

(1− βp)p

∫ +∞

0

xγp(h(x))p dx.

Let β = γ = 1 + r−1
p

, and we obtain one of the inequalities. Swapping x

and y in K, we similarly achieve the other inequality by taking β = r+1
p

and
γ = 1− r+1

p
.

Exercise 6.4.36
Proof. For q < p, we have∫

|f |q dµ =

∫ +∞

0

qλq−1µ ({|f | > λ}) dλ

≤ q

∫ 1

0

λq−1µ ({f ̸= 0}) dλ+ q∥f∥pp,∞
∫ +∞

1

λq−p−1 dλ

= µ ({f ̸= 0}) + q

p− q
∥f∥pp,∞

< +∞.

For q > p, let ∥f∥∞ = M < +∞, then∫
|f |q dµ =

∫ M

0

qλq−1µ ({|f | > λ}) dλ

≤ q∥f∥pp,∞
∫ M

0

λq−p−1 dλ

=
q

q − p
M q−p

< +∞.
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Exercise 6.5.43
Proof. First, we compute Arf(x). Due to the symmetry of χ[0,1], we assume x ≥ 1

2
.

1

2
≤ x < 1 =⇒ Arf(x) =


1, 0 < r < 1− x
r+1−x

2r
, 1− x ≤ r ≤ x

1
2r
, r > x

,

x = 1 =⇒ Arf(x) =

{
1
2
, 0 < r < 1
1
2r
, r ≥ 1

,

x > 1 =⇒ Arf(x) =


0, 0 < r < x− 1
x+1−r

2r
, x− 1 ≤ r ≤ x

1
2r
, r > x

.

Therefore, we obtain the explicit expression

Hf(x) =

{
1, x ∈ (0, 1),

1
1+|2x−1| , x ∈ (−∞, 0) ∪ (1,+∞)

It is obvious that

∥Hf∥pp =
∫ 1

0

1 + 2

∫ +∞

1

(
1

1 + |2x− 1|

)p

= 1 +

∫ +∞

1

21−p

xp
=

{
+∞, p = 1,

1 + 21−p

p−1
, p > 1.

In the meantime, we have
∥Hf∥1,∞ = sup

λ>0
λµ ({|f | > λ})

= max

{
sup

1
2
≤λ≤1

λ, sup
0≤λ≤ 1

2

λ

(
1 + µ

({
1

x− 1
> λ

}))}

= max

{
1, sup

0≤λ≤ 1
2

(λ+ 1)

}
= 1.

Exercise 6.5.45
Proof. Let q = n

α
and K(x, y) = |x− y|−α, then

λqm ({x | K(x, y) > λ}) = λqm
(
{x | |x− y| < λ− 1

α}
)
= λqm

(
B

λ− 1
α
(y)

)
= Cn.

Here Cn equals the volume of n-dimensional unit ball, a constant that only relies
on n. Therefore, K(x, ·) ∈ Lq,∞, and similar arguments imply K(·, y) ∈ Lq,∞.

According to Theorem 6.36, Tα is weak type (1, n
α
) and strong type (p, r).
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