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Applications

ÚÚÚnnn1.1 (Product lemma). Let f, g ∈ S(Rd), s ≥ 0. Then we have

‖fg‖Hs . ‖f‖Hs‖g‖L∞ + ‖f‖L∞‖g‖Hs . (1.1)

···KKK1.2 (Hardy’s inequality). For f ∈ S(Rd), and s ∈ [0, d
2
),∥∥∥ f

|x|s
∥∥∥
L2

. ‖|∇|sf‖L2 . (1.2)

1.6 Method of stationary and non-stationary phase

ÚÚÚnnn1.3. If ∇φ 6= 0 on supp a, then the integral∣∣∣∣∫
Rd

eiλφ(ξ)a(ξ)dξ

∣∣∣∣ ≤ C(N, a, φ)λ−N , λ→∞ (1.3)

for arbitrary N ≥ 1.

ÚÚÚnnn1.4. If ∇φ (ξ0) = 0 for some ξ0 ∈ supp(a),∇φ 6= 0 away from ξ0, and the Hessian
of φ at the stationary point ξ0 is nondegenerate, i.e., det∇2φ (ξ0) 6= 0, then for all
λ ≥ 1 ∣∣∣∣∫

Rd

eiλφ(ξ)a(ξ)dξ

∣∣∣∣ ≤ C(d, a, φ)λ−d/2. (1.4)

Elementary of distribution theory

1.1 Basic spaces

Ω: open set. K: compact set.

½½½ÂÂÂ1.5 (E(Ω) space). A sequence ϕj ∈ C∞(Ω), j ∈ N, converges in C∞(Ω) to a
function ϕ ∈ C∞(Ω) as j → ∞, if and only if for any compact set K ⊂ Ω and any
m ∈ N0 one has

lim
j→∞

sup
α∈Nn

0 ,|α|≤m
sup
x∈K
|∂α (ϕj − ϕ) (x)| = 0.
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½½½ÂÂÂ1.6 (D(Ω) space). Let ϕj ∈ C∞c (Ω), and ϕ ∈ C∞c (Ω).

ϕj → ϕ in D(Ω) (1.5)

if and only if

1. ∃K ⊆ Ω compact set such that suppϕj ⊂ K for j ≥ 1, and suppϕ ⊂ K.

2. ∀α, limj→∞ supx∈K |∂α(ϕj − ϕ)(x)| = 0.

···KKK1.7. 1. ∂α : ϕ 7→ ∂αϕ is continuous in D(Ω), S(Rd), and E(Ω).

2. For g ∈ C∞(Ω), Mg : ϕ 7→ gϕ is continuous in D(Ω) and E(Ω).
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