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7.2 Regularity and approximation theorems

X: Locally compact Hausdorff space.

···KKK1.1 (Regularity). Every Radon measure is inner regular on all of its σ-finite sets.

íííØØØ1.2. Every σ-finite Radon measure is regular. If X is σ-compact, every Radon
measure on X is regular.

···KKK1.3 (Density). If µ is a Radon measure on X, Cc(X) is dense in Lp(X) for
1 ≤ p <∞.

½½½nnn1.4 (Lusin). Suppose that µ is a Radon measure on X and f : X → C is a
measurable function that vanishes outside a set of finite measure. Then for any ε > 0
there exists φ ∈ Cc(X) such that φ = f except on a set of measure < ε. If f is bounded,
φ can be taken to satisfy ‖φ‖u ≤ ‖f‖u.

½½½nnn1.5 (Tietze extension). Let K ⊂ X be compact. If f ∈ C(K), there exists g ∈
Cc(X) such that g

∣∣
K

= f .

7.3 The dual of C0(X)

X: Locally compact Hausdorff space.

C0(X) is the uniform closure of Cc(X).

···KKK1.6. C0(X) = {f ∈ C(X) : f vanishes at inifinity}.

ÚÚÚnnn1.7. If f ∈ [C0(X)]∗, there exist positive functional I± ∈ [C0(X)]∗ such that

I = I+ − I−. (1.1)

½½½nnn1.8 (Riesz Representation Theorem on C0(X)). Let X be an LCH space, and for
µ ∈ Mr(X) and f ∈ C0(X) let Iµ(f) =

∫
fdµ. Then the map µ 7→ Iµ is an isometric

isomorphism from Mr(X) to [C0(X)]∗.

íííØØØ1.9. If X is a compact Hausdorff space, then [C(X)]∗ is isometrically isomorphic
to Mr(X).

7.4 convergence of measures

X: Locally compact Hausdorff space.

Cc(X) ⊂ C0(X) ⊂ Cb(X). (1.2)
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• vague convergence: ∫
fdµn →

∫
fdµ0, ∀f ∈ Cc(X). (1.3)

• weak convergence: ∫
fdµn →

∫
fdµ0, ∀f ∈ C0(X). (1.4)

• narrow convergence: ∫
fdµn →

∫
fdµ0, ∀f ∈ Cb(X). (1.5)
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