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1.3 Regularity and Fourier series

½½½nnn1.1. Let f ∈ L1(T) and assume that f̂(n) = −f̂(−n) ≥ 0. Then∑
n>0

1

n
f̂(n) <∞.

íííØØØ1.2. If an > 0,
∑
an/n =∞, then

∑
an sinnt is not a Fourier series.

Smoothness and Fourier coefficients

½½½nnn1.3. If f ∈ L1(T) is absolutely continuous, then f̂(n) = o(1/n).

If f is k-times differentiable, and f (k−1) is absolutely continuous, then

|f̂(n)| ≤ min
0≤j≤k

∥∥f (j)
∥∥
L1

|n|j
.

If f is infinitely differentiable, then

|f̂(n)| ≤ min
0≤j

∥∥f (j)
∥∥
L1

|n|j
.

If f ∈ Cα(T), then f̂(n) = O (n−α).

½½½ÂÂÂ1.4. A function f is analytic on T if in a neighborhood of every t0 ∈ T, f(t) can
be represented by a power series (of the form

∑∞
n=0 an (t− t0)

n ).

Show that f is analytic if, and only if, f is infinitely differentiable on T and there
exists a number R such that

sup
t

∣∣f (n)(t)
∣∣ ≤ n!Rn, n > 0.

Show that f is analytic on T if, and only if, there exist constants K > 0 and a > 0
such that |f̂(j)| ≤ Ke−a|j|.

½½½ÂÂÂ1.5. Gevrey class. f ∈ Gs, if there exist constants K > 0 and a > 0 such that

|f̂(n)| ≤ Ke−a|n|
1
s . (1.1)

Hs Sobolev space
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½½½ÂÂÂ1.6. For any s ∈ R define the Hilbert space Hs(T) by means of the norm

‖f‖2Hs := |f̂(0)|2 +
∑
n∈Z

|n|2s|f̂(n)|2.

½½½nnn1.7. For any 1 ≥ α > 0 one has Cα(T) ↪→ Hβ(T) for arbitrary 0 < β < α. In
particular, for any f ∈ Cα(T) with α > 1

2
one has∑

n∈Z

|f̂(n)| <∞

and thus Cα(T) ↪→ A(T) for any α > 1
2
.

Introduce a norm to A(T) by

‖f‖A(T) =
∞∑
−∞

|f̂(n)|.

ÚÚÚnnn1.8. Assume that f, g ∈ A(T). Then fg ∈ A(T) and

‖fg‖A(T) ≤ ‖f‖A(T)‖g‖A(T).

1.4 Fourier coefficient of Borel measure

½½½nnn1.9. (Parseval’s formula). Let f ∈ C(T), µ ∈M(T); then

〈f, µ〉 = lim
N→∞

N∑
−N

(
1− |n|

N + 1

)
f̂(n)µ̂(n).

íííØØØ1.10 (Uniqueness theorem). If µ̂(n) = 0 for all n, then µ = 0.

½½½nnn1.11. Let {an}∞n=−∞ be a sequence of complex numbers. Then the following two
conditions are equivalent:

(a) There exists µ ∈M(T), ‖µ‖ ≤ C, such that µ̂(n) = an for all n.

(b) For all trigonometric polynomials P

∣∣∣∑ P̂ (n)an

∣∣∣ ≤ C‖P‖C(T).

íííØØØ1.12. A trigonometric series S ∼
∑
ane

int is the Fourier series of some µ ∈
M(T), ‖µ‖var ≤ C, if, and only if,

‖KN ∗ S‖ ≤ C, ∀N.
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1.5 Higher dimension

···KKK1.13. The space of trigonometric polynomials is dense in C
(
Td
)
, and one has

Parseval’s identity for L2
(
Td
)
, i.e.,

‖f‖22 =
∑
ν∈Zd

|f̂(ν)|2 ∀f ∈ L2
(
Td
)
.

If f ∈ C∞(Td) then the Fourier series associated with f converges uniformly to f
irrespective of the way in which the partial sums are formed.

The Fourier transform on Rd

1.1 Basic definitions: Fourier transform, Schwartz space

½½½ÂÂÂ1.14. Definition 4.2 The Schwartz space S
(
Rd
)

is defined as the collection of all
functions in C∞

(
Rd
)

that decay rapidly, together with all derivatives. In other words,
f ∈ S

(
Rd
)

if and only if f ∈ C∞
(
Rd
)

and

xα∂βf(x) ∈ L∞
(
Rd
)
∀α, β,

where α, β are arbitrary multi-indices. We introduce the following notion of convergence
in S

(
Rd
)

: a sequence fn ∈ S
(
Rd
)

converges to g ∈ S
(
Rd
)

if and only if∥∥xα∂β (fn − g)∥∥∞ → 0, n→∞,

for all α, β.

···KKK1.15. The Fourier transform is a continuous operation from the Schwartz space
into itself.
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