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1.2 The inversion theorem and Plancherel theorem

···KKK1.1. For any f ∈ S
(
Rd
)

one has

f(x) =

∫
Rd

e2πix·ξf̂(ξ)dξ ∀x ∈ Rd.

Moreover, ∀f, g ∈ S(Rd), ∫
f̂ g =

∫
fĝ, (1.1)∫

fg =

∫
f̂ ĝ, (1.2)

‖f‖L2 =‖f̂‖L2 . (1.3)

½½½ÂÂÂ1.2 (Tempered distribution). The dual of S, denoted by S ′, is the space of tempered
distributions. In other words, any u ∈ S ′ is a continuous functional on S, and we write
〈u, φ〉 for u applied to φ ∈ S. The space S ′ is equipped with the weak-* topology. Thus,
un → u in S ′ if and only if 〈un, φ〉 → 〈u, φ〉 as n→∞ for every φ ∈ S.

Naturally, Lp
(
Rd
)
↪→ S ′

(
Rd
)

by the rule

〈f, φ〉 =

∫
Rd

f(x)φ(x)dx, f ∈ Lp
(
Rd
)
, φ ∈ S

(
Rd
)
.

A linear functional u on S is continuous if and only if there exists an N such that

|〈u, φ〉| ≤ C
∑

|α|,|β|≤N

∥∥xα∂βφ∥∥∞ ∀φ ∈ S.

½½½ÂÂÂ1.3. If u ∈ S ′, we define

(Fu)(ϕ) =: u(Fϕ). (1.4)

Fourier transform on L1 + L2

• f ∈ L1.

(Ff)(x) =

∫
Rd

f(x)e−2πix·ξdx. (1.5)

where Ff is regarded as the generalize Fourier transform on S ′(Rd).

• f ∈ L2. Choose {fn} ⊂ S such that

lim
n→∞

‖fn − f‖L2 = 0. (1.6)

• f ∈ L1 + L2.
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1.3 Poisson summation formula

···KKK1.4. For any f ∈ S
(
Rd
)

one has∑
n∈Zd

f(n) =
∑
v∈Zd

f̂(v).

1.4 Sobolev spaces and inequalities

½½½ÂÂÂ1.5. Sobolev spaces Hs and Ḣs are defined in terms of the norms

‖f‖Hs =
∥∥∥〈ξ〉sf̂∥∥∥

2
, ‖f‖Ḣs =

∥∥∥|ξ|sf̂∥∥∥
2

for any s ∈ R where 〈ξ〉 =
√

1 + |ξ|2.

These spaces are the completion of S
(
Rd
)

under the norms. For the homogeneous

space Ḣs
(
Rd
)

one needs the restriction s > −d/2 since otherwise S is not dense in
this space.

ÚÚÚnnn1.6. For any f ∈ Hs
(
Rd
)

one has

‖f‖p ≤ C(s)‖f‖Hs(Rd) ∀2 ≤ p ≤ ∞,

provided that s > d/2.

ÚÚÚnnn1.7 (Trace). Let f ∈ S, x : k-dimension.

‖f‖L∞
x L2

y
. ‖f‖Hs , s >

k

2
. (1.7)

1.5 Littlewood-Paley theory

Let χ(ξ) ∈ C∞c (Rn) be such that

χ(ξ) =

{
1, |ξ| ≤ 1,

0, |ξ| ≥ 2.

Define
ψ(ξ) = χ(ξ)− χ(2ξ),

ψj(ξ) = ψ

(
ξ

2j

)
, χj(ξ) = χj(

ξ

2j
).
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Verify that ∑
j∈Z

ψj(ξ) = 1,∀ξ 6= 0

½½½ÂÂÂ1.8. We define Littlewood-Paley operators as projections on frequency space

Pkf = F−1
(
ψkf̂

)
,

P≤kf = F−1
(
χkf̂

)
,

P>kf = (I − P≤k) f.

f ∼
∑
k∈Z

Pkf

···KKK1.9. (1). P≤kf
S→ f , as k →∞, ∀f ∈ S.

(2). P≤kf
S′→ f , as k →∞, ∀f ∈ S ′.

(3). p ∈ [1,∞). P≤kf
Lp

→ f , as k →∞, ∀f ∈ Lp.

···KKK1.10 (Bernstein inequalities). Let f ∈ S, 1 ≤ p ≤ q ≤ ∞.

‖P≤kf‖q . 2kn(
1
p
− 1

q )‖f‖p (1.8)

‖Pkf‖q . 2kn(
1
p
− 1

q )‖f‖p (1.9)

‖∇P≤kf‖p . 2k‖f‖p (1.10)

‖Pkf‖p ∼ 2−k ‖∇Pkf‖p (1.11)

‖P>kf‖p . 2−k ‖∇f‖p (1.12)

···KKK1.11 (GN inequality).∥∥∂if∥∥
Lp . ‖f‖

1− i
m

Lp ‖∂mf‖
i
m
Lp , 0 ≤ i ≤ m. (1.13)

···KKK1.12 (Sobolev inequality).

‖f‖Lp . ‖f‖Ḣs (1.14)

where

p ∈ [2,∞), s ∈ [0,
d

2
),

1

p
=
s

d
. (1.15)
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1. y²P.V. 1
x
∈ S ′(R), O�F(P.V. 1

x
).

2. O�2ÂFourierC�

ei|x|
2

, d ≥ 1. (1.16)

1

1 + |x|2
, d = 1, d = 3. (1.17)

3. s ∈ (0, 1), χ(x) ∈ C∞c (Rd). �äF(χ(x)|x|s) ∈ L1?

4. f ∈ S(Rd), supp(f̂) ⊂ E ⊂ Rd,Ù¥E´Borel�ÿ§y

‖f‖q ≤ |E|1/p−1/q‖f‖p ∀1 ≤ p ≤ q ≤ ∞.

|E|´E�LebesgueÿÝ"
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