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1.2 The inversion theorem and Plancherel theorem

1.1, Forany f €S (]Rd) one has

fa) = /R (e i e R

Moreover, Vf, g € S(Rd);
/fgz/f@ (1.1)

[19-]75 (1.2)

1 £llz2 =1 £l zz- (1.3)

& A 1.2 (Tempered distribution). The dual of S, denoted by S’, is the space of tempered
distributions. In other words, any u € 8’ is a continuous functional on S, and we write
(u, @) for u applied to ¢ € S. The space S’ is equipped with the weak-* topology. Thus,
uy, — u in 8" if and only if (un, d) — (u, ) as n — oo for every ¢ € S.

Naturally, L? (]Rd) — &' (]Rd) by the rule
(o) = [ @ode. ferr®).oes ®Y.

A linear functional v on § is continuous if and only if there exists an N such that

(w9 <C Y |20, VéeS.

e, BI<N
ZX1.3. IfueS, we define
(Fu)(p) = u(Fp). (1.4)
Fourier transform on L' + L?
o fe Ll
(Ff)(z) = » f(z)e ™4y, (1.5)

where Ff is regarded as the generalize Fourier transform on S’(RY).
e f e L? Choose {f,} C S such that
lim ||f, — f|lzz = 0. (1.6)
n—oo

o fc L'+ 12



1.3 Poisson summation formula

& A1.4. For any f € S (RY) one has

1.4 Sobolev spaces and inequalities

% X 1.5. Sobolev spaces H* and H* are defined in terms of the norms

/]

we = ||

Lo 1]

ae = ||l

.

for any s € R where (&) = /1 + |£|%.

These spaces are the completion of S (]Rd) under the norms. For the homogeneous

space H° (Rd) one needs the restriction s > —d/2 since otherwise S is not dense in
this space.

51221.6. For any f € H* (R?) one has

1fllp < C ()1 /]

HS(]Rd) V2 S p S oo,

provided that s > d/2.

51 31.7 (Trace). Let f € S, x : k-dimension.

k
1A legerz S N Fllaes s> 5 (1.7)

1.5 Littlewood-Paley theory

Let x(§) € C° (R™) be such that

L KT
x(§) = {0, > 2
Define
P(€) = x(&) = x(29),
5O =0 (%) WO=x)



Verify that
> i(§) =1,VE#0

JEZ

£ X 1.8. We define Littlewood-Paley operators as projections on frequency space

Bf=F" (Wf) )
Parf = F (xuf ).
P.if =(I —P<) f.

f~> Pf

k€EZ
&H1.9. (1). Pof S f, ask — o0, Vf € S.
(2). ngfi;f, as k — oo, Vf € §'.

(3). p € [l,00). ngfﬂ;f, as k — oo, Vf e L.

@ #1.10 (Bernstein inequalities). Let f € S, 1 < p < g < 0.

n(i_1
1P fll, < 2G=2 ) 1),

1PfIl, S 25 G171,
IV P Il S 2511l
|Pefll, ~ 27 |V Pef]],

1P fll, < 27" IV /1,

##1.11 (GN inequality).

-4 £ .
m 0<:<m.

0" f ]l o S Il

o™ f

Lp
@ &1.12 (Sobolev inequality).
[ fllze S Nl g
where
d 1 s
2 b -2
pe€200), sel0,3), >




ok

1. iE#P.V. L € S'(R), it LF(P.V. 1),

2. 1 H J U Fourier I ¥

el d> 1. (1.16)
1

3. s€(0,1), x(x) € C(RY). AW F(x(x)|x|*) € L'?
4. f e S(RY), supp(f) € E C RY 3+ E&Borel T, E
I£lly < 1B f]l, V1< p<q< oo

|E|#& E#Lebesguel & o
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