1 F11#FAH11.14

1.1 Partial sums and Dirichlet kernel

let T = RR/Z be the one-dimensional torus (in other words, the circle).
The space of continuous functions C(T).

The space of Holder continuous functions C*(T) where 0 < a < 1.
The Lebesgue spaces LP(T) where 1 < p < oc.

The space of complex Borel measures on T will be denoted by M(T).

Any 1 € M(T) has associated with it a Fourier series
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where e(z) := ¢*™® and

i) = | o(n)u(de) = | et=najntas).

The symbol ~ is formal and simply means that the series on the righthand side is
associated with .

If u(dx) = f(2)dz where f € L'(T), then we may write f(n) instead of ji(n).
€ X 1.1 (Dirichlet kernel). The partial sums of f € L*(T) are defined as

Syf(x) = Z f(n)e(nz) Z / —ny) f(y)dye(nx)
:/Z dy_/DNx— (y)dy

where Dy (x) := Y. e(nx) is the Dirichlet kernel. In other words, we have shown
that the partial sum operator Sy is given by convolution with the Dirichlet kernel Dy :

Snf(x) = (Dy * f) (x).
%3] 1.2. Verify that, for each integer N > 0,

(1) [p Dn(t)dt = 1.



sin((2N + 1)7z)
sin(mx) '

Dy(z) =

|Dn(z)] < C'min (N, é') ,

(4)
C™ og N < [Dn|l i gy < Clog N.

31321.3 (Riemann-Lebesgue). If f € LY(T) then f(n) — 0 as n — oo.

51 #21.4 (Dini’s criteria). If for some x, 36 > 0, so that

/ flz+1) — f(z)
[t|<é t

then limy_,oo Sy f(z) = f(x).

5131.5 (Jordan’s criteria). If f is a function of bounded variation in a neighbourhood
of x, then then limy_,o Sn f(z) = 3 [f(z +0) + f(z — 0)].

dt < oo, (1.1)

1.2 Approximate identities and Fejér kernel

Setting

1Nl
KN::NZDM
n=0

where Ky is called the Fejér kernel, one therefore has oy f = Ky * f.

24.3)1.6. Let Ky be a Fejér kernel with N a positive integer. Verify that

)
Rv(n) = (1—%)

KMQS):%(%)%

0 < Ky(z) < CN 'min (N? 27%).



X 1.7. The family {®y}_, C L(T) forms an approzimate identity provided that
(1) fo O (x)dzr =1 for all N,

(2) supy fo |y (z)|dr < oo,
(3) for all 6 > 0 one has flx\>5 |®n(x)|dx — 0 as N — oo.
@ #1.8. For any approzimate identity {®n}%_, one has the following.
(i) If f € C(T) then ||Pn * f — fll., = 0 as N — oo.
(it) If f € LP(T), where 1 < p < oo, then ||[®n * f — f||, — 0 as N — oo.
(111) For any measure yp € M(T), one has
Oy xpu—pu, N — o0,
in the weak-* sense.

#1£1.9. The exponential family {e(nx)}ncz satisfies the following properties.

(i) The trigonometric polynomials are dense in C(T) in the uniform topology and
in LP(T) for any 1 < p < co.

(ii) For any f € L*(T),

1713 = 1)

ne”L

(iii) The exponentials {e(nx)}nez form an orthonormal basis in L*(T).

(iv) For all f,g € L*(T) one has Parseval’s identity,

[ f@ataas =3 foito

ne”L

Failure of convergence.

EH1.10. There exists a continuous function whose Fourier series diverges at a point.

& #1.11. The following statements are equivalent for any 1 < p < oo :

(i) for every f € LP(T) (or f € C(T) if p =00 ) one has
IS f = fll, = 0 as N — oc;

(i1) supy |1Sxl, < o0

##1.12. Fourier series do not converge on C(T) and L'(T), i.e., there exists f €
C(T) such that ||Snf — fllo, = 0 and g € L*(T) such that ||[Syg — gl|, - 0 as n — oco.



1.3 Regularity and Fourier series

4 #1.13 (Bernstein). Let f be a trigonometric polynomial with f(k) = 0 for all
|k| > n. Then
171, < Cnllfllp

for any 1 < p < oo. The constant C' is absolute.

5131.14. Let {a,}, ., be an even sequence of nonnegative numbers that tend to zero,
which 1s convex in the following sense:

Gpi1+ Gp1 —2a, >0 Vn > 0.
Then there exists f € L'(T) with f >0 and f(n) = Q.
##£1.15. Suppose that f € L*(T) satisfies f(]) =0 for all j with |j| <mn. Then
TR )

holds for all 1 < p < o0.

£ b

Paso 33, 34, 35, 36;
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