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6.5 Interpolation of L” spaces

51 #1.1 (The Three Lines Lemma). Let ¢ be a bounded continuous function on the
strip 0 < Rez < 1 that is holomorphic on the interior of the strip. If |p(z)| < My for
Rez =0 and |p(2)| < My for Rez = 1, then |¢(z)| < My "Mt forRez =1, 0 <t < 1.

EFR1.2 (The Riesz-Thorin Interpolation Theorem). Suppose that (X, M, u) and (Y, N, v)
are measure spaces and po,P1,qo,q1 € [1,00]. If go = q1 = o0, suppose also that v is
semifinite. For 0 <t <1, define p; and q; by
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If T is a linear map from LPo(u) + LP*(u) into L (v)+ LT (v) such that | T f|4 <
Mol[fllpo for | & LP(p) and [T fllgy < Myl fllpy for f€ L (), then

1T flla < My~ M| f ]l

for fe LP(u),0<t<l.

#11.3. Fourier transform

T()©) = [ fle)eda, (L1)

RN

1T fllzoe < Nfllees T fllzz = 1122 (1.2)

If 1 <p<2andl/p+1/q = 1, then the Fourier transform T has a unique
extension to a bounded map from LP to L, with | T(f)|lze < ||f|le-

6.6 Convolution and regularization

Let © c RY be an open set.
C'(£2) is the space of continuous functions on §2.

C*(92) is the space of functions k times continuously differentiable on Q(k > 1 is
an integer).

C>=(Q) = NCk(Q).



C.(£2) is the space of continuous functions on € with compact support in €2, i.e.,
which vanish outside some compact set K C €.

Ci(Q) = CHQ) N C(Q).
C2(Q) = C>®(Q) N C(Q).
If f e CYQ), its gradient is defined by

w:(af oL af).

Oxy Oxs’ 7 Oxn

If feCHQ) and a = (a1, q,...,ay) is a multi-index of length |a| = a1 + as+
-+ + ayp, less than k, we write
9% 9 O
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f.

EH1.4 (Young). Let f € L' (RY) and let g € LP (RY) with 1 < p < oo. Then for
a.e. v € RN the function y — f(x —y)g(y) is integrable on RN and we define

(fxg)(z) = . flz —y)g(y)dy.

In addition fxg € L? (RY) and

1> glls < [1£1:llgll,

Let f € L' (RY) and g € L? (RY) with 1 < p < co. Then

supp(f * g) C supp [ + supp g.
@15, Let f € C*(RY) (k> 1) and let g € L., (RY). Then fg € C*(R") and
D¥(f*xg) = (D*f)*g Vo with |a] < k.
In particular, if f € C° (RY) and g € L, (RY), then f*g e C> (RY).

& X1.6 (Mollifiers). A sequence of mollifiers (,On)n21 18 any sequence of functions on
RY such that

pn € CF (RN), supp pn, C B(0,1/n), /pnzl,anO on RY.

#11.7.

B ¢!/ (le*=1) if |[z] <1
p(x)_{o if || > 1

pn(z) = CnY p(nx) with C =1/ [ p.



& #1.8. Assume f € C’(RN). Then (pp* f) — f uniformly on compact sets of
n—oo
RY.

EF1.9 (density). The space C, (RN) is dense in LP (RN); i.e.,
VfelLr (RN) Ve >0 df; € C. (]RN) such that || f — fill, <e.
EI1.10. Assume f € LP (]RN) with 1 <p < oco. Then (p, * f) — f in LP (]RN).
n—o0

##1.11. Let Q C RY be an open set. Then C(Q) is dense in LP(Q) for any
1 <p<oo.

##1.12. Let Q C RY be an open set and let u € LL (Q) be such that

loc

/uf =0 VfeCr(Q).

Then ©w =0 a.e. on ().

6.7 Criterion for strong compactness in L?

EH1.13 (Ascoli-Arzela). Let K be a compact metric space and let F be a bounded
subset of C(K). The closure of F in C(K) is compact if and only if F is uniformly
equicontinuous, that is,

Ve > 030 > 0 such that d (x1,22) < 6 = |f (x1) — f(22)| <e VfeF.

EFE1.14 (Criterion for LP strong compactness). Let F be a bounded set in LP with
1 <p<oo. F is relatively compact if and only if

L. limyosupser || f(z +R) — f(2)|r = 0.

2. liMp o0 SUP e fBg | f|Pdz = 0.

/leIIkP:[gQ 20, 22, P208 41, 42,
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