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3.1 Signed measures

& X 1.1 (Signed measure). Let (X, M) be a measurable space. A signed measure on
(X, M) is a function v : M — [—00,00] such that

e () =0;
e v assumes at most one of the values +00;

o if {E;} is a sequence of disjoint sets in M, then v (U E;) = Y. v (E;), where
the latter sum converges absolutely if v (| J° E;) is finite.

@ A1.2. Let v be a signed measure on (X, M). If {E;} is an increasing sequence in

M, then
v (LJ1 Ej> = jlilaloy (E;).
‘7:

If {E;} is a decreasing sequence in M and v (Ey) is finite, then

v (q Ej> = jli_}rgoy (E;).
j:

& X1.3. If v is a signed measure on (X, M), a set E € M is called positive (resp.
negative, null) for v if v(F) >0 (resp. v(F) < 0,v(F) =0 ) for all F € M such that
FCE.

51 31.4. Any measurable subset of a positive set is positive, and the union of any
countable family of positive sets is positive.

ZE 1.5 (Hahn decomposition). If v is a signed measure on (X, M), there erist a
positive set P and a negative set N for v such that PUN = X and PN N = @. If
P’, N’ is another such pair, then PAP' (= NAN') is null for v.

51 31.6. Let v be a signed measure on (X, M), and A € M with —oo < v(A) < 0.
Then there is a negative set B C A such that

v(B) <v(A).
E181.6.1. The decomposition X = P U N if X as the disjoint union of a positive
set and a negative set is called a Hahn decomposition for v. It is usually not unique (

v-null sets can be transferred from P to N or from N to P ), but it leads to a canonical
representation of v as the difference of two positive measures.



& X1.7. We say that two signed measures j and v on (X, M) are mutually singular,
or that v is singular with respect to i, or vice versa, if there exist £, F' € M such that
ENF =g EFEUF = X, FE is null for u, and F is null for v.

Informally speaking, mutual singularity means that p and v "lve on disjoint sets.”
We express this relationship symbolically with the perpendicularity sign:

wluv.

EF21.8 (Jordan decomposition). If v is a signed measure, there exist unique positive
measures v and v~ such that v =v*t — v and v™ L v,

3.2 The Lebesgue-Radon-Nikodym theorem

& L 1.9. Suppose that v is a signed measure and p is a positive measure on (X, M).
We say that v is absolutely continuous with respect to y and write

v
if v(E) =0 for every E € M for which u(E) = 0.
E181.9.1. It is easily verified that v < p iff [v] < piff vt K< pand v < p

EI1.10. Let v be a finite signed measure and u a positive measure on (X, M). Then
v < iff for every € > 0 there exists § > 0 such that |v(F)| < € whenever u(E) < 6.

##1.11. If f € L' (u), for every e > 0 there exists 6 > 0 such that |fE fd,u’ < €
whenever p(E) < 9.

51 31.12. Suppose that v and p are finite measures on (X, M). Either v L u, or there
exist € > 0 and E € M such that (E) > 0 and v > €u on E (that is, E is a positive
set for v —eu ).

EF1.13 (Lebesgue-Radon-Nikodym theorem). Let v be a o-finite signed measure and
W a o-finite positive measure on (X, M). There exist unique o-finite signed measures

A, p on (X, M) such that
Al p, p<gLp, and v=XA+p.

Moreover, there is an extended p-integrable function f : X — R such that dp = fdu,
and any two such functions are equal p-a.e.
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