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6.8 Criterion for weak compactness in Lp

½½½nnn1.1. Let 1 < p ≤ ∞, and {fn}∞n=1 be a sequence of functions in Lp(X) satisfying

sup
n
‖fn‖Lp <∞. (1.1)

Then there exists a subsequence {fnk
}∞k=1 and a function f ∈ Lp(X) such that

lim
k→∞

∫
fnk

gdµ = 0, ∀g ∈ Lp′ . (1.2)

½½½nnn1.2 (Dunford-Pettis, weak compactness in L1). Let (X,M, µ) be a σ-finite and
separable measure space. A set F ∈ L1(X) is weakly sequentially compact if and only
if

• F is bounded in L1(X).

• F is uniformly absolutely continuous.

• F is equi-tight.

íííØØØ1.3. Weak and strong convergence of sequences in l1 are the same.

6.9 The dual of L∞

Let (X,M, µ) be a measure space and let

F (X,M, µ) =

{
ν :M 7→ C

∣∣ν : finitely additive set function, ν � µ, sup
A∈M|ν(A)|<∞

}
.

(1.3)

Define

|ν|(A) = sup
n∑
j=1

|ν(Aj)| (1.4)

where the supremum is taken over all disjoint decompositions A =
∑n

j=1Aj.

Further, if f ∈ L∞
µ (X) and ν ∈ F (X),
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∫
X

fdν =: lim
n→∞

∫
X

fndν

where fn is simple, ‖fn − f‖∞ → 0, and∫
X

gdν =
n∑
j=1

ajν (Aj) for g =
n∑
j=1

aj1Aj
.

i. ∀f, g ∈ L∞
µ (X),∀α, β ∈ C, and ∀ν ∈ F (X),

∫
X

(αf + βg)dν = α

∫
X

fdν + β

∫
X

gdν

ii. ∀f ∈ L∞
µ (X) and ∀ν ∈ F (X),

∣∣∫
X
fdν

∣∣ ≤ ∫
X
|f |d|ν|;

iii. F (X) is normed by (5.36);

iv. If f ∈ L∞
µ (X), ν ∈ F (X), and µ({x : f(x) 6= 0}) = 0, then

∫
X

fdν = 0.

½½½nnn1.4. Let (X,A, µ) be a measure space. There is a surjective isometric isomorphism

F (X)→
(
L∞
µ (X)

)′
,

ν 7→ Fν ,

where

∀f ∈ L∞
µ (X), Fν(f) =

∫
X

fdν.

Also, F (X) is a Banach space.

7.1 Positive linear functional on Cc(X)

X: locally compact Hausdorff (LCH) space.

½½½ÂÂÂ1.5. A linear functional I on Cc(X) will be called positive if I(f) ≥ 0 whenever
f ≥ 0.

½½½ÂÂÂ1.6 (regularity). Let µ be a Borel measure on X and E a Borel subset of X. The
measure µ is called outer regular on E if

µ(E) = inf{µ(U) : U ⊃ E,U open }
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and inner regular on E if

µ(E) = sup{µ(K) : K ⊂ E,K compact }.

½½½ÂÂÂ1.7 (Radon measure). A Radon measure on X is a Borel measure that is finite on
all compact sets, outer regular on all Borel sets, and inner regular on all open sets.

½½½nnn1.8 (Riesz representation theorem on Cc(X)). If I is a positive linear functional
on Cc(X), there is a unique Radon measure µ on X such that

I(f) =

∫
fdµ

for all f ∈ Cc(X). Moreover, µ satisfies

µ(U) = sup {I(f) : f ∈ Cc(X), f ≺ U} for all open U ⊂ X

and
µ(K) = inf {I(f) : f ∈ Cc(X), f ≥ χK} for all compact K ⊂ X.
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1. (UrysohnÚn).�Ω�RN¥m8§K ⊂ Ω�;8.y²�3ψ ∈ C∞
c (Ω)÷v

ψ(x) = 1, ∀x ∈ K.

2. k�Borel£E¤ÎÒÿÝ�mM(X,BX ,R)ÚM(X,BX ,C)3C��êe´Banach�
m"

3. �X´Banach�m"f8F�é;⇐⇒ ∀ε > 0,�3�é;8Kε,¦�

F ⊂ Kε +B(ε) := {f + g : f ∈ Kε, g ∈ B(ε)} . (1.5)

4. P192 21;
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