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£ X0.1. If u* is an outer measure on X, a set A C X 1is called p*-measurable if
(D) > p (DNA)+u (DNAY, VD CX. (0.1)
51 320.2 (Characteristic of p*-measurable set). Let C C P(X) and O € C. Assume that
the non-negative set function p : C — [0, 00] satisfies
o (@) =0.

e 1 1s semi-o-additive.

Let p* be the outer measure induced by .
The set A C X is a p*-measurable set if and only if
u(C) > p (CNA)+p"(CNnA° VCeCl. (0.2)
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E 0.3 (restriction of outer measure, Carathéodory). Let p* be an outer measure
on X, and M* be the class of p*-measurable sets. Then M* is a o-algebra and the
restriction of u* to M* is a measure.

Furthermore, (X, M*, u*

M*) 15 a complete measure space.

Partial proof. Completeness: VA C N with p*(N) =0,
w (D) > p (DNAY) > p"(DNAY)+u (DNA), VDCX. (0.3)
O

EFR0.4 (Uniqueness). Conditions:

o C: m-system, X € C.

o Liy,ua: finite measure on o(C), pile = palc-

Then py = pg on o(C).

EH0.5 (Carathéodory extension’s theorem). Let C be a semi-ring of X, and a set
function p : C — [0, 00] be o-additive. Then u extends to a measure on o(C).

(That 1s, ,u*|g(c), where p* is the outer measure induced by pi.)

Furthermore, if u 1s o-finite on C, and X € C,, then the extension is unique.
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& 0.6 (Complete measure space). Given the measure space (X, M, ), the o-algebra
M s called p-complete if every subset of a p-negligible set is measurable.

EFR0.7 (Completion). Let (X, M, 1) be a measure space.

N ={NcCX|F3Ae M,u(A) =0, st. NCA} (0.4)
M={AUN|Ac M,N e N}
HAUN) =u(A),A€ M,N € N

Then M is a o-algebra, and Ji is a measure on M.
(72 is a unique extension of p to a complete measure on /\_/l)

(X, M, i) is the smallest complete measure space which contains (X, M, ). We
call it the completion space of (X, M, ).

EH0.8. Let (X, M, pu) be a measure space, p* be the outer measure induced by .
Then, for any E C X, there is a C € M with E C C and p*(E) = p(C).

EH0.9. Let (X, M, u) be a o-finite measure space. Then M = M*.

0.1 Borel/Lebesgue measures on Euclidean spaces

Let
C={(a,b:a <babecR"},
MWﬁszﬂm—%% o

51320.10. C is a semi-ring on R™, and p is a o-additive negative set function on C.

B(R™) is a Borel o-algebra. o(C) = B(R").

EF0.11 (Lebesgue-Stieltjes measure). For any increasing and right continuous func-
tion F(x), define

pr((a,b]) = F(b) — F(a), (0.8)

on the collection C of intervals (a,b]. Then pr extends uniquely to a measure uj on

o(C) = B(R™).

E120.2. When F(z) = z, L(R™) =: B(R") is the collection of Lebesgue measurable
sets.
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